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In this letter we develop a theory for the first and second sound in a two-dimensional atomic
superfluid across the superfluid transition based on the dynamical Koterlitz-Thouless theory. We
employ a set of modified two-fluid hydrodynamic equations which incorporate the dynamics of the
quantised vortices, rather than the conventional ones for a three-dimensional superfluid. As far as
the sound dispersion equation is concerned, the modification is essentially equivalent to replacing the
static superfluid density with a frequency dependent one, renormalised by the frequency dependent
“dielectric constant” of the vortices. This theory has two direct consequences. First, because
the renormalised superfluid density at finite frequencies does not display discontinuity across the
superfluid transition, in contrast to the static superfluid density, the sound velocities vary smoothly
across the transition. Second, the theory includes dissipation due to free vortices, and thus naturally
describes the sound-to-diffusion crossover for the second sound in the normal phase. With only one
fitting parameter, our theory gives a perfect agreement with the experimental measurements of
sound velocities across the transition, as well as the quality factor in the vicinity of the transition.
The predictions from this theory can be further verified by future experiments.
Topological defects, such as quantised vortices in su-
perfluids, are of fundamental importance in physics of
many two-dimensional (2D) systems [1]. Phase transi-
tions driven by these defects, known as the Berezinskii-
Kosterlitz-Thouless (BKT) transitions [2–6], are found to
exist in a wide range of 2D systems [6], including Helium
films [7, 8], superconducting films [9] and 2D ultracold
atomic gases [10, 11]. Although conceptually similar to
the other two kinds of systems, the study of ultracold
atomic gases can in fact significantly enrich the BKT
physics [12]. From the perspective of experimental tech-
nique, for example, matter wave interferometry allows vi-
sualisation of quantised vortices and thus potentially di-
rect observation of the proliferation of free vortices across
the BKT transition [12].
Nevertheless, a more important conceptual aspect is
the study of sound propagation, which behaves very dif-
ferently in these systems. In the superconducting films,
the sound wave corresponds to a plasma mode with the
square-root dispersion due to the Coulomb interaction
between charged electrons [13, 14]. As for the Helium
films, because they form on a substrate which clamps the
motion of the normal component, and because they are
almost incompressible, the only type of sound allowed is
a surface wave of the superfluid component known as the
third sound [15–17]. The 2D atomic gas, on the other
hand, is charge neutral compared to superconducting
films; it is also isolated from any other environment and
is much more compressible compared to Helium films,
which permits motions of both the normal and super-
fluid components. Thus, the cold atomic gas provides
a platform for the experimental exploration of both the
first and the second sound in a 2D system across the BKT
transition.
Indeed, such an experiment has been carried out re-
cently in a ultracold 2D Bose gas [18]. However, a dis-
crepancy is found between the experimental observation
and the theories based on the Landau two-fluid the-
ory [18–21]. Since the static superfluid density has a
discontinuous jump across the BKT transition, the stan-
dard Landau two-fluid theory naturally predicts a dis-
continuity of the second sound velocity across the BKT
transition. However, such a discontinuity is not found
in the experiment. Instead, the experiment finds a sec-
ond sound mode with a smoothly varying velocity and
a rapidly increasing damping rate across the BKT tran-
sition. Although several theoretical works offer possi-
ble explanations with various numerical approaches [22–
24], most of them assume that the experimental system
is in the collisionless regime rather than the hydrody-
namic regime. Thus it remains an open question as to
whether the sound propagation in the actual physical sys-
tem, whose collision rate is several times larger than the
probed sound frequencies [18], can still be understood in
term of hydrodynamics.
This discrepancy thus calls for a serious revisit of the
two-fluid hydrodynamics for 2D BKT superfluids. In
fact, earlier pioneering works have developed a so-called
dynamical Kosterlitz-Thouless (KT) theory [25–28] for
understanding the third sound propagation in Helium
films, which shows that a proper treatment of the vor-
tex dynamics is crucial, especially in the vicinity of the
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2superfluid transition. However, such a contribution from
vortex dynamics is not contained in the standard Landau
two-fluid hydrodynamic theory [29]. Because the contri-
bution of vortex dynamics is much more significant in
2D than in 3D, this explains why Landau two-fluid the-
ory works well in 3D but fails in 2D. So far, a dynamical
Kosterlitz-Thouless theory for the first and second sound
propagation in 2D atomic gases is still lacking.
In this letter we present such a theory, and we show
that the experimental findings can be well explained
within the framework of hydrodynamic theory when the
vortex dynamics is properly taken into account. The key
result of our theory is a new dispersion equation that de-
termines the velocity and damping of both branches of
the sound. Based on this equation, we show that the both
sound velocities vary smoothly across the BKT transi-
tion. For the second sound in particular, we also show
that the damping increases rapidly above the BKT tran-
sition due to the proliferation of free vortices, eventually
turning the wave propagation into a diffusive mode. With
only one fitting parameter, our theory agrees quantita-
tively with experimental measurements of a set of second
sound velocities across the BKT transition, as well as the
quality factor in the vicinity of the transition.
Dynamical Kosterlitz-Thouless Theory. We begin by
deriving a sound dispersion equation for 2D atomic su-
perfluids from a set of five basic hydrodynamic equations.
The first three of them are essentially the conservation
laws of mass, momentum and entropy, i.e.,
∂ρ
∂t
= −∇ · j (1)
∂j
∂t
= −∇P (2)
∂(ρs)
∂t
= −∇ · (ρsvn), (3)
where ρ is the mass density, j is the mass current, P
is the pressure and s is the entropy per unit mass. In
terms of the “bare” superfluid density ρ0s and the “bare”
normal fluid density ρ0n, we can write
ρ = ρ0s + ρ
0
n j = ρ
0
svs + ρ
0
nvn,
where vs and vn are the superfluid and normal fluid ve-
locity fields, respectively. These “bare” densities contain
only effects of short wavelength fluctuations, in contrast
to the renormalised ones introduced later in Eq. (8)-(9).
The three equations (1-3) are the same as those in the
Landau two-fluid hydrodynamics.
The fourth equation is the equation of motion for the
superfluid component [25]
∂vs
∂t
+ zˆ × Jv = −∇µ, (4)
where µ is the local chemical potential and Jv is the
current of the quantised vortices to be defined shortly.
The second term in Eq. (4), absent in the correspond-
ing equation for the 3D superfluids, accounts for the
contribution of the quantised vortices in 2D superflu-
ids. The density of quantised vortices can be written
as N(r, t) = (2pi~/m)
∑
i niδ[r − ri(t)], where ri is the
position of the i-th vortex and ni = ±1 describes the di-
rection of circulation for this vortex. Then Jv(r, t) can be
defined as Jv(r, t) = (2pi~/m)
∑
i ni(dri/dt)δ[r − ri(t)],
such that the vortices obey the equation of continuity
∂N(r, t)/∂t = −∇ · Jv. By viewing vortices as charged
particles and drawing on an analogy to a 2D plasma, it
can be shown that Jv(r, t) is related to the relative veloc-
ity fields of the superfluid and normal fluid component
via an “Ohm’s law” [25, 27]
Jv(r, t) =
∫
dt′σ(t− t′)zˆ × [vn(r, t′)− vs(r, t′)] , (5)
where σ is a complex “conductivity” for the vortices un-
der the “electric field” zˆ × (vn − vs). In the frequency
space, σ can be written in terms of the dynamical “di-
electric constant” (ω) as
σ(ω) = −iω[(ω)− 1]. (6)
Equations (1-5) form a complete set of basic hydro-
dynamic equations for the 2D superfluid. Considering
small deviations of relevant physical quantities from their
equilibrium values and following standard derivations, we
arrive at the following sound dispersion equation [30][
ω2
k2
− 1
ρκT
] [
ω2
k2
− Ts
2ρs(ω)
cvρn(ω)
]
− 1
ρ
(
1
κs
− 1
κT
)
ω2
k2
= 0,
(7)
where κT = ρ
−1 (∂ρ/∂P )T and κs = ρ
−1 (∂ρ/∂P )s are
the isothermal and isoentropic compressibility respec-
tively, and cv = T (∂s/∂T )ρ is the specific heat at con-
stant volume. Here we introduce the frequency depen-
dent superfluid and normal density as
ρs(ω) =
ρ0s
(ω)
, (8)
ρn(ω) = ρ− ρs(ω). (9)
Note that the physical densities ρ, ρ0s and the entropy s
entering Eqs. (7)-(9) all take their equilibrium values.
Equation (7), which determines the dispersions of the
sound propagation in the 2D superfluid, represents the
central result of this paper. Remarkably, despite the
modification of one hydrodynamic equation and the ad-
dition of another, the resulting sound dispersion equa-
tion (7) has nearly an identical form as its 3D superfluid
counterpart [29], the only difference being that the static
superfluid and normal density are now replaced by the
frequency-dependent densities defined in Eqs. (8)-(9). In
other words, by explicitly including the vortex dynamics
in the hydrodynamic equations, the effect on sound dis-
persion is equivalent to renormalizing the bare superfluid
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FIG. 1. (a) Speed of the first (upper curves) and second sound
(lower curves) as a function of temperature for a 2D superfluid
of weakly interacting bosons across the BKT transition: our
dynamical KT theory (solid lines) vs. the Landau two-fluid
theory (dashed lines). (b) A sound-to-diffusion crossover in
the k−T plane for the second sound, predicted by our theory
for a 2D superfluid of weakly interacting bosons above the
BKT transition. Here k0 is a basic unit of the wavevector.
density by the frequency-dependent dielectric constant
of quantised vortices. In fact, by setting the dynamical
dielectric constant (ω) = 1 in the absence of vortices,
Eq. (7) immediately reduces to the familiar sound dis-
persion equation in the 3D Landau two-fluid theory. For
2D superfluid, (ω) is generally complex, meaning that
the presence of the quantised vortices in such systems
not only modifies the sound velocity but also induces the
damping.
General Features of the Sound Modes. Before proceed-
ing to more detailed calculations, we first discuss two
general features of the sound modes predicted by the
dynamical Kosterlitz-Thouless theory, which can be in-
ferred from the general properties of (ω) and Eq. (7).
For this purpose, we express the solutions to Eq. (7) as
ωα(k) = $α(k) + iγα(k), where $α(k) and γα(k) are the
real and imaginary parts of the dispersion respectively,
and α = 1, 2 denotes the two sound branches. As in the
experiment [18], the velocity of sound here is defined as
cα = $α(k)/k.
(i) Continuity of Sound Velocities. Here we
should first emphasize a difference between (ω) at zero
frequency (ω = 0) and (ω) at finite frequencies. At
ω = 0, (ω = 0) is real and finite for T < Tc but immedi-
ately diverges at T = T+c , where Tc is the BKT transition
temperature. Hence, the non-analyticity of (ω = 0) as a
function of the temperature leads to a finite ρs(ω = 0) at
T−c but a vanishing ρs(ω = 0) at T
+
c . Since the conven-
tional Laudau two-fluid theory uses the static superfluid
density ρs(ω = 0) in the hydrodynamic equations, it pre-
dicts discontinuity in sound velocities as a result of the
sudden jump of ρs(ω = 0) at Tc [19, 21] . If κs = κT, the
density and temperature fluctuations are decoupled and
the discontinuity exists only in the second sound, i.e.,
the temperature wave. Generally, κs 6= κT, so the afore-
mentioned two types of fluctuations are coupled and the
discontinuity exists in both two sound modes, as shown
in Fig. 1(a) by the dashed lines. For any finite ω, how-
ever, (ω) is always finite and is a smooth function of T
across BKT transition. This leads to smooth sound ve-
locities in the first and the second sound. We calculate
the sound velocities from Eq. (7) using actual parameters
of a weakly interacting 2D Bose gas, and the results are
shown by solid lines in Fig. 1(a).
(ii) Sound-to-Diffusion Crossover. The second
general feature our theory predicts is the second sound to
diffusion crossover as a result of the proliferation of free
vortices above Tc. In the temperature regime slightly
above Tc, we can write (ω) ≈ b + iσf/ω [25], where b
is the bound vortex pair contribution and σf accounts for
the “conductivity” of free vortices. In the vicinity of Tc,
b is a slowly varying function and can be approximated
as a constant, while σf is proportional to the the den-
sity of free vortices and increases rapidly as the temper-
ature increases above Tc. For clarity, let us first demon-
strate the crossover for a simple situation with κs = κT
in Eq. (7), where the second sound corresponds to a pure
temperature wave governed by the following equation
ω2 − 2iγ2ω − u22k2 = 0, (10)
where γ2 ≡ − ρσf2(ρb−ρ0s) and u2 ≡
√
Ts2ρ0s
cv(ρb−ρ0s) . The solu-
tion of this equation can be easily obtained as
ω2(k) =
√
u22k
2 − γ22 + iγ2. (11)
From Eq. (11) we can immediately define a threshold
wavevector k∗(T ) ≡ |γ2/u2| such that the second sound
is a damped sound for k > k∗(T ) and becomes purely
diffusive for k < k∗(T ). In other words, we can define
a k-dependent temperature T ∗(k) whereby the second
sound with wave vector k becomes purely diffusive for
T > T ∗(k). Since the damping parameter γ2, propor-
tional to σf (T ), vanishes below Tc, T
∗(k) must be greater
than Tc for any finite k. That is to say, the sound-to-
diffusion crossover occurs in the normal phase. A careful
analysis of the more general situation with κs 6= κT re-
veals the same behavior for the second sound [30]. In
Fig. 1 (b) we draw the sound-to-diffusion boundary in
the k-T plane defined by $2(k) = 0, again using the
actual parameters for a 2D weakly interacting Bose gas.
Experimental Comparison. Now we turn to the full so-
lutions to Eq. (7) for T < T ∗(k), i.e., in a temperature
region where the second sound propagates well, and com-
pare the results with the experiment. We find that, to a
very good approximation, the solutions to Eq. (7) can be
written as
$α = kvα($α) (12)
γα = − ρ
2Reρn($α)
Im($α)
Re($α)
u2($α)
u′2($α)
v′α($α), (13)
4TABLE I. Various physical quantities (the first column)
needed for solving the sound dispersion equation. The sec-
ond column lists the microscopic parameters that these phys-
ical quantities depend on. The third column lists the corre-
sponding equations for calculating these quantities given in
the Supplementary Material [30].
Quantities Parameters Supplementary
s, κs, κT , cv g, µ/T (S23)-(S24)
ρ0s g, µ/T (S33)-(S35)
(ω) g, µ/T, lD, ω (S37)-(S41)
where ′ denotes the derivative. Here we have defined
vα(ω) =
1√
2
(
u21 + u
2
2(ω) + δκ
−(−1)α
√
[u21 + u
2
2(ω) + δκ]
2 − 4u21u22(ω)
)1/2
, (14)
where u1 ≡
√
1
ρκT
, u2(ω) ≡
√
(Ts2/cv)Re[ρs(ω)/ρn(ω)]
and δκ ≡ (κT − κs)/ρκsκT . To solve the dispersion, we
need to i) determine thermodynamic quantities, i.e., s,
κs, κT , cv and (ω), in term of microscopic parameters;
ii) solve Eq. (12) self-consistently to obtain the real part
of the spectrum; and iii) substitute $α(k) into Eq. (13)
to determine the imaginary part of the spectrum.
For 2D ultracold Bose gas, the thermodynamic quanti-
ties can be calculated in terms of certain universal func-
tions which depend solely on the dimensionless interac-
tion constant g and the ratio of chemical potential to
temperature µ/T [31, 32]. In addition, the dielectric
constant (ω) can be evaluated via the dynamical KT
theory. Although the calculations of all these quantities
are rather involved, they are well documented in liter-
ature [19, 25, 27, 33] and the details will be relegated
to the supplemental material [30]. Here, we shall only
tabulate all the parameters needed for solving the sound
dispersion equation in Tab. I and refer readers interested
in details of the calculation to the corresponding equa-
tions in the Supplemental Material [30].
The main parameter of the dynamical KT theory is a
dimensionless quantity lD ≡ ln
√
2D/ω0a20, where D is
the vortex diffusion constant, a0 is the vortex core size
and ω0 = cBk0 is the typical frequency associated with
sound propagation. Here cB =
√
gρ/m3/2 is the Bogoli-
ubov sound velocity and k0 = pi/L is the wavevector
unit for a system of size L along the propagation direc-
tion. Since there is no reliable method to calculate the
diffusion constant, we shall use lD as the only fitting pa-
rameter when comparing our theoretical results to the
experimental measurements. We adjust lD so as to min-
imize
δ =
∑
i
|c2(Ti)− cexp(Ti)|2, (15)
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FIG. 2. Second sound velocity c2/cB as a function of temper-
ature T/Tc calculated for a weakly interacting 2D
87Rb gas
with g = 0.16. The symbols are the experimental results [18].
The solid line is our theory with lD = −1.18 and the dashed
line is the Landau two-fluid theory. Here cB =
√
gρ/m3/2 is
the Bogoliubov sound velocity.
where c2(Ti) and cexp(Ti) are the theoretical and exper-
imental values of the second sound velocity at temper-
ature Ti, respectively. The resulting second sound ve-
locity is shown in Fig. 2, where very good agreements
between theory and experiment are obtained. Using lD
obtained in this fitting, we find the quality factor of the
second sound Q ≡ |$2/γ2| ∼ 10 at Tc, consistent with
the experimental value of ∼ 8. This further justifies that
the value lD found from the fitting is a reasonable one.
However, our theoretical values of Q become significantly
larger than the experimental measurements for temper-
atures deep in the superfluid phase. This is because the
damping due to free vortices is the only damping mech-
anism included in this hydrodynamics theory. Deep in
the superfluid phase, where the vortex contribution is in-
significant, our hydrodynamics recovers the dissipation-
less hydrodynamics and as a result underestimates the
damping.
Concluding Remarks. In summary, we have shown that
the dynamical KT theory, which includes the dynamics
of vortices, is crucial for understanding the sound prop-
agation in 2D ultracold Bose gas. This theory essen-
tially renormalizes the superfluid density by the complex
dielectric constant, which removes the discontinuity in
the superfluid density and introduces dissipation due to
bound and free vortices. This leads to smooth varying
sound velocities across the BTK transition and sound-
to-diffusion crossover for the second sound in the normal
phase. These results are consistent with the experimen-
tal findings in the weakly interacting 2D Bose gas and
can be further verified by future experiments. Finally,
our discussions can also be extended to two-dimensional
Fermi superfluids with a BEC-BCS crossover.
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DERIVATION OF THE SOUND DISPERSION EQUATION
For 2D superfluids, the two coupled sound equations and the resulting sound dispersion equation can be derived
from the following five basic equations:
∂ρ
∂t
= −∇ · j (S1)
∂j
∂t
= −∇P (S2)
∂(ρs)
∂t
= −∇ · (ρsvn) (S3)
∂vs
∂t
= −zˆ × Jvor −∇µ (S4)
Jvor(r, t) =
∫
dt′σ(t− t′)zˆ × [vn(r, t′)− vs(r, t′)] . (S5)
The first hydrodynamic sound equation can be obtained from combining Eq. (S1) and (S2). Considering small
deviations of the relevant physical quantities from their equilibrium values, we find from Eq. (S1) and (S2)
∂2δρ
∂t2
−∇2δP = 0, (S6)
where δρ and δP are variations of the total density and the pressure respectively. The variation of the pressure can
be expressed in terms of those of the density and the temperature as follows
δP =
(
∂P
∂ρ
)
T
δρ+
(
∂P
∂T
)
ρ
δT
=
1
ρκT
δρ+
αP
κT
δT, (S7)
where κT =
1
ρ
(
∂ρ
∂P
)
T
is the isothermal compressibility and αP = − 1ρ
(
∂ρ
∂T
)
P
is the isobaric thermal expansion
coefficient. Substitution of the above equation into Eq. (S6) yields
∂2δρ
∂t2
− 1
ρκT
∇2δρ− αP
κT
∇2δT = 0. (S8)
In terms of the Fourier components of the density of and temperature fluctuations, we find the first hydrodynamic
sound equation (
ω2
k2
− 1
ρκT
)
δρ(k, ω)− αP
κT
δT (k, ω) = 0. (S9)
To obtain the second hydrodynamic sound equation, we first linearise Eq. (S3) and use Eq. (S1) to obtain
∂δs
∂t
= −sρ
0
s
ρ
∇ · (vn − vs). (S10)
2Using the thermodynamic relation
δs =
(
∂s
∂T
)
ρ
δT +
(
∂s
∂ρ
)
T
δρ
=
cv
T
δT − αP
ρ2κT
δρ, (S11)
where cv = (∂s/∂T )ρ/T is the specific heat at constant volume, Eq. (S10) can be written as
cv
T
∂δT
∂t
− αP
ρ2κT
∂δρ
∂t
= −sρ
0
s
ρ
∇ · vns, (S12)
where we define the relative velocity field vns = vn − vs. Fourier transforming the above equation gives
−iω
[
cv
T
δT (k, ω)− αP
ρ2κT
δρ(k, ω)
]
= −isρ
0
s
ρ
k · vns(k, ω). (S13)
Next, we use the Gibbs-Duhem equation
δµ =
1
ρ
δP − sδT, (S14)
and Eq. (S2) to rewrite Eq. (S4) as
ρ0n
ρ
∂
∂t
zˆ × vns + Jvor = −szˆ ×∇δT. (S15)
In momentum frequency space we have
ρ0n
ρ
(−iω)zˆ × vns(k, ω) + Jvor(k, ω) = −iszˆ × kδT (k, ω). (S16)
To close the above equation, we need Eq. (S5) which, in Fourier space, is
Jvor(k, ω) = σ(ω)zˆ × vns(k, ω)
= −iω[(ω)− 1]zˆ × vns(k, ω), (S17)
where in the second line expressed the complex conductivity σ in terms of the dielectric constant. Substituting the
above expression into Eq. (S16) and multiply both sides by k we arrive at
−iω
(
(ω)− ρ
0
s
ρ
)
k · vns(k, ω) = −isk2δT (k, ω). (S18)
Now we use Eq. (S18) to eliminate the k · vns(k, ω) term in Eq. (S13) and we find the second hydrodynamic sound
equation
αP
ρ2κT
ω2
k2
δρ(k, ω) +
[
ρ0s
ρ
s2
1
(ω)− ρ0s/ρ
− cv
T
ω2
k2
]
δT (k, ω) = 0. (S19)
Combining the two hydrodynamic sound equations (S9) and (S19), we finally arrive at the equation that determines
the dispersion of sound propagation in 2D superfluids[
ω2
k2
− 1
ρκT
] [
ω2
k2
− Ts
2ρs(ω)
cvρn(ω)
]
− 1
ρ
(
1
κs
− 1
κT
)
ω2
k2
= 0, (S20)
where the frequency-dependent superfluid density is defined as
ρs(ω) = ρ
0
s/(ω) (S21)
and the corresponding normal density is ρn(ω) = ρ− ρs(ω).
3SECOND SOUND TO DIFFUSION TRANSITION IN THE GENERAL CASE OF κs 6= κT
In the general case of κs 6= κT , we make the same approximation (ω, T ) ≈ b(0, T−c ) + iσf (T )/ω in the sound
dispersion equation (S20) and arrive at the following quartic equation
ω4 − 2iγ2ω3 − (u21 + u22 + δκ)k2ω2 + 2iγ2(u21 + δκ)k2ω + u21u22k4 = 0, (S22)
where u1 ≡
√
1/ρκT , u2 ≡
√
Ts2ρs(0)/cvρn(0), δκ ≡ (κT − κs)/ρκsκT and γ2 ≡ − ρρs(0)2ρ0sρn(0)σf . Here we have used
the fact that b(0, T
−
c ) = ρ
0
s/ρs(0) (see later). All the densities and other thermodynamic quantites appearing in
these velocity and damping coefficients are approximated by the values at Tc, since their temperature dependences
are much weaker than that of σf (T ) in the vicinity of Tc.
The above quartic equation can be easily solved numerically to obtain ω(k) for any specific T . For sufficiently
large k, we find that the four complex solutions can be organized into two pairs, each of which has two solutions
with opposite real parts. We can thus identify the two solutions with the positive real parts, one in each pair, as the
dispersions for the two branches of the sound. As we decrease k, the real part of the solution corresponding to the
second sound decreases gradually and becomes zero for k < k∗(T ). This is shown in Fig. S1. In other words, we find
purely imaginary solutions for the second sound branch for k < k∗(T ), signaling that the sound mode transitions into
a diffusive mode. This is similar to the more special case of κs = κT . The k − T boundary shown in the main text
was obtained by solving Eq. (S22) for a weakly interacting 2D Bose gas.
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FIG. S1. (a) The real (solid) and imaginary (dashed) part of the first sound dispersion. (b) The real (solid) and imaginary
(dashed) part of the second sound dispersion. The calculations are done for a Bose gas with g = 0.16, T/Tc = 1.15 and lD = −1.
CALCULATION OF VARIOUS THERMODYNAMIC QUANTITIES OF THE 2D WEAKLY
INTERACTING BOSE GAS
For a weakly interacting 2D Bose gas, the various thermodynamic quantities, such as s, κs, κT and cv, can be
calculated in terms of certain universal functions dependent only on the variable x = µ/T and the dimensionless
coupling constant g. First, All these quantities can be expressed in terms of the dimensionless reduced pressure P
and the phase space density D [19]
P(x, g) ≡ λ2T
P
T
D(x, g) ≡ λ2T
ρ
m
, (S23)
where λT = ~
√
2pi/mT is the thermal de Broglie wavelength. More specifically, we have [19]
s¯ = 2
P
D − x; c¯v = 2
P
D −
D
D′ ; κT =
m
ρT
D′
D ; κs =
m
ρT
D
2P , (S24)
where D′ ≡ dD/dx, s¯ = ms is the entropy per particle and c¯v = mcv specific heat capacity per particle. Since we are
interested in the temperature dependence of many physical quantities, it is convenient to measure the temperature in
4terms of the BKT transition temperature Tc. For a gas with fixed density, it is easy to see from Eq. (S23) that
T
Tc
=
D(xc, g)
D(x, g) , (S25)
where xc =
pi
g ln
(
ξµ
g
)
with ξµ = 13.2 is the value of the x variable at the BKT transition point. Now, both P and D
can be expressed in terms of a universal function θ(x, g) as [31, 32]
D(x, g) = pi
[
x
g
+ θ(x, g)
]
(S26)
and
P(x, g) = Pc + ln
(
ξµ
g
)
(x− xc) + pi
2g
(x− xc)2 + pig
2
[
θ2(x, g)− θ2(xc, g)
]− g [θ(x, g)− θ(xc, g)] , (S27)
where Pc is the reduced pressure at the critical point and can be calculated by the Hartree-Fock mean-field theory [33].
For the temperature range of our interest, the θ function can be determined analytically by solving the equation [31, 32]
θ(x, g)− 1
pi
ln θ(x, g) =
1
g
(x− xc) + 1
pi
ln(2ξµ). (S28)
The static superfluid density ρs(0) can be expressed in terms of another dimensionless quantity
Ds(x, g) = λ2T
ρs(0)
m
. (S29)
This latter is given by
Ds = 2piθ − 1 (S30)
for x−xcg > 0.5 and
4
Ds + ln
Ds
4
= 1 + 0.61
x− xc
g
(S31)
for −0.1 < x−xcg < 0.5.
CALCULATION OF THE DYNAMICAL DIELECTRIC CONSTANT
The determination of the dynamical dielectric constant (ω) due to the vortices is crucial to solving Eq. (S20) for the
first and second sound dispersion. According to the Kosterlitz-Thouless theory, bound vortex pairs of all separations
populate in the superfluid below the critical temperature Tc. These vortex pairs are similar to the electric dipoles
in the 2D plasma in the sense that they can be polarised by the flow of the fluid, resulting in a counterflow which
effectively reduces (or renormalises) the bare superfluid density. The renormalised static superfluid density is given
by
ρs = ρ
0
s/˜(r =∞, T ), (S32)
where ˜(r, T ) is the static, length and temperature dependent dielectric constant describing the polarisability of vortex
pairs separated by distance r. As the temperature increases and surpasses Tc, the vortex pairs with largest separations
begin to suddenly dissociate into free vortices, i.e., ˜(r =∞, T−c ) is finite while ˜(r =∞, T+c ) diverges. This leads to
a precipitous drop of the superfluid density from a finite value to zero at Tc and a breakdown of dissipationless flow
for T > Tc.
The above physical picture was later generalised to account for dynamical situations in the so-called dynamical
KT theory [25–27], where (ω) was introduced to characterise the response of bound vortex pairs and free vortices to
oscillating velocity fields at frequency ω in the long wavelength limit. It can be shown that limω→0 (ω, T ) = ˜(r =
∞, T ) and thus the static superfluid density in Eq. (S32) is in fact the zero-frequency component of the frequency-
dependent superfluid density in Eq. (S21), i.e., ρs(ω = 0). Importantly, unlike ˜(r = ∞, T ) which becomes singular
5for T > Tc, (ω), and thus ρs(ω), is a continuous and smooth function of temperature for any finite frequency. The
reason for this is that while the divergence of ˜(r = ∞, T ) at T+c signifies the dissociation of the vortex pairs of the
largest size, (ω) describes the response of the vortex pairs whose size is smaller than the vortex diffusion length√
2D/ω. Here D is the diffusion constant of the quantised vortices. For superfluid Helium films, (ω) can be probed
by the famous torsional oscillator experiment [7] which verified the dynamical KT theory.
As we shall see, the necessary ingredients for calculating (ω) are ˜(r, T ) and ξ(T ), the latter of which is a correlation
length specifying the size of the largest vortex pairs. Both of the quantities can be determined from the famous
Kosterlitz-Thouless recursion relations in terms of three microscopic parameters: the bare coupling constant K0 =
(~/m)2ρ0s/(kBT ), the vortex core diameter a0 and the bare vortex fugacity y0 = exp{−λK0} [4]. Averaging the
system over vortex pairs with separation smaller than a0e
l gives rise to new parameters K(l) and y(l) determined by
the recursion relations
d
dl
[K(l)]−1 = 4pi3y2(l)
d
dl
y(l) = [2− piK(l)]y(l), (S33)
where K(l = 0) = K0 and y(l = 0) = y0. The scale-dependent static dielectric constant ˜(r) is defined as
˜(r) = K0/K (l = ln(r/a0)) . (S34)
To calculate ˜(r) we need to know λ and K0 (or equivalently ρ
0
s). Currently, the best theoretical estimate for the
former is λ = pi2/4 [34]. As for K0 or ρ
0
s, we use the recursion relation to infer its value since we have
K(l =∞) = (~/m)2ρs(0)/(kBT )
=
1
2pi
Ds. (S35)
In other words, once we know ρs(ω = 0) from calculating Ds, we can deduce ρ0s using the recursion relation. Next,
the correlation length ξ(T ) is determined as the length scale at which y(l) becomes comparable to y0, namely
y(lξ) = y0, (S36)
where lξ ≡ ln(ξ/a0).
In analogy to 2D plasma, the dynamical dielectric constant at temperature T can be written as
(ω, T ) = b(ω, T ) + iσf (T )/ω, (S37)
where b(ω, T ) is the contribution from the bound vortex pairs and σf (T ) is the “conductivity” due to the free vortices.
Via a Fokker-Planck equation approach, the former is given by [25–27]
b(ω, T ) = 1 +
∫ ξ(T )
a0
dr
d˜
dr
g˜(r, ω), (S38)
where a0 is the vortex core diameter and ˜(r, T ) is the static dielectric constant. The correlation length ξ(T ) is a
length scale specifying the size of the largest vortex pairs and is thus infinite below Tc and finite above. Here g˜(r, ω)
is a response function obeying the following second-order differential equation with respect to r
r2
d2g˜
dr2
+ (3− η) r dg˜
dr
−
(
−i ω
ω0
r2
a20
e−2lD + η
)
g + η = 0 (S39)
where D is the diffusion constant of the vortices and η(r) = 4Tc˜(∞, Tc)/[T ˜(r, T )]. Here we introduce the main
parameter of the dynamical KT theory
lD ≡ ln
√
2D/ω0a20, (S40)
where ω0 = cBk0 is the typical frequency associated with sound propagation. Here cB =
√
gρ/m3/2 is the Bogoliubov
sound velocity and k0 = pi/L is the wavevector unit for a system of size L along the propagation direction. In
Ref. [25–27], the following approximate formula was used for b(ω)
Reb(ω) = ˜
(√
14D/ω
)
Imb(ω) =
pi
4
√
14D
ω
˜′
(√
14D/ω
)
,
6where ˜′(r) ≡ d˜(r)/dr. However, in our calculations, we will avoid such approximations and solve Eqs. (S38)-(S39)
exactly. The free vortex contribution is found to be [25–27]
σf =
(
2pi~
m
)2(
Dρ0s
kBT
)
nf
= 2pi2ω0K0e
2lD
a20
ξ2
(S41)
where nf = 1/ξ
2(T ) is the density of free vortices and K0 = (~/m)2ρ0s/(kBT ) is the bare coupling constant. Naturally,
no free vortex exists below Tc, i.e., nf = 0 for T < Tc.
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FIG. S2. (a) ˜(r) calculated for K0 = 1 (solid) and K0 = 1.1 (dashed). (b) Real (solid) and imaginary (dashed) parts of g˜(r)
calculated K0 = 1 (blue) and K0 = 1.1 (red). (c) ξ(T ) as a function of T/Tc. (d) Real (solid) and imaginary (dashed) parts of
b(ω0, T ) as a function of T/Tc. Here lD = −0.5.
In Fig. S2, we show calculated examples of ˜(r), g˜(r), ξ(T ) and b(ω, T ) for a weakly interacting 2D Bose gas with
the dimensionless coupling constant g = 0.16.
